Abstract. We study weighted Sobolev type embeddings of radially symmetric functions from W
Then define W
1,p
which is a Banach space ( [1] ) equipped with the norm
In a recent paper [13] , the following embedding theorem was constructed.
Theorem 1.1 ([13]). Let 1 < p < N. Assume (V) and (Q). Then the embedding
is continuous forwhenq < ∞ and for< ∞ whenq = ∞, and it is compact for q < q <q, where q andq are defined as 
Q) is always with p q, which can be seen from the definition of q. This result provides one with a variational basis in finding radial solutions of quasilinear elliptic equations of the form
with super-p-linear nonlinearity by variational methods. We refer to [13] for more comments on this subject. The main purposes of this paper are to establish a compact embedding from W
with the index q located in a range depending on p, N and the real numbers involved in (V ) and (Q) so that 1 < q < p. From this embedding result the functional
is well-defined and is of
. A critical point of Φ is exactly a weak radial solution of (P), that is, a function u ∈ W 1,p [7, 14, 15] ) the existence and multiplicity of nontrivial radial solutions of (P) with sub-p-linear nonlinearity. Now we state the main results of this paper. Based on the radial lemmas cited in Section 2 we first define the bottom index q * and the top index q * for the embedding so that these indices satisfy the prior inequalities 1 q * < p and 1 < q * p. According to the behaviors of V and Q near infinity, the bottom index q * can be defined in the following regions of (a, b) and such that 1 q * < p (see Figure 1 below):
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Figure 1. Regions for bottom index
According to the behaviors of V and Q near zero, the top index q * can be defined in the following regions of (a 0 , b 0 ) and such that 1 < q * p (see Figure 2 below) .
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In the region A
One sees that 1 q * * < p.
Figure 2. Regions for top index
The embedding result reads as follows.
and (Q) with q * and q * or q * * being defined. Then the embedding
is continuous and compact for q * < q < q * or for max{q * , q * * } < q < p.
The idea for defining embedding indices is quite clear although it seems to be complicated apparently. To understand the embeddings, we look at a special case a = a 0 = b = b 0 := α. In this case Theorem 1.2 reads as
is continuous and compact for q * < q < q * , where
As an application of Theorem 1.2, we obtain the following existence results for (P). Theorem 1.3. Let 1 < p < N. Assume (V) and (Q) with the corresponding q * and q * (resp., q * and q * * ) defined such that q * < q < q * (resp., p > q > max{q * , q * * }).
Moreover, (P) has infinitely many radial solutions
We give some comments. Nonlinear elliptic equations on the whole space with potentials have been extensively studied in the past decades with different aims. Most known works are concerned with the case p = 2 and such that the nonlinearity has a subcritical growth and satisfies a global Ambrosetti-Rabinowitz type condition ( [2, 7] ) from which the nonlinearity has a superlinear growth. The main reason may be that the embeddings used there are similar to the form H 1 → L q with q > 2. We mention the works [3, 4] , where some embeddings
with various potentials V were built. We refer to [12, 13] and the references therein for more comments and comparisons and some historical results. Due to the reason for the embedding, there are few works concerning elliptic problems on the whole space R N with sublinear nonlinearity. We are only aware of the work [5] which studied Schrödinger equations with concave and convex nonlinearities. Note that in [5] , the continuous embedding
was used where the potential V was not radial and satisfied V 1 and
The classical Sobolev embedding theorem says that the embedding
is not compact for any q, but restricted to the radial case,
are compact for all q ∈ (2, 2 * )(see [10] ) and it is not true for q = 2 and
. When radial potentials are involved, the compactness of the embeddings may be valid for a wider range of q. In [12, 13] , the authors developed techniques and ideas in establishing weighted Sobolev type embeddings (one is Theorem 1.1) for singular radial potentials V and Q. Note that Theorem 1.1 includes some cases in which the embedding W
is compact for all p q < ∞. In the present paper, we further explore the effects of the potentials and extend the techniques and ideas developed in [12, 13] to establish the embedding W
2 is new and complements Theorem 1.1. The result for the case p = 2 complements some embedding results in [12, 8, 9] . It provides a basic variational tool to study the quasilinear elliptic equations on the whole space R N with the nonlinearity having a global sub-p-linear growth. This implies that the functional Φ is coercive. For simplicity, Theorem 1.3 considers a special case of pure "power" nonlinearity |u| q−2 u. In fact we can consider the case with general sub-p-linear nonlinearities. See the comments in Section 3 where Theorem 1.3 is proved. In Section 2 we prove Theorem 1.2.
Proof of Theorem 1.2
In this section we give the proofs of the embedding Theorem 1.2. We use some notions. In the following, B r denotes the open ball in R N centered at 0 with radius r and B R \B r denotes the annulus with interior radius r and exterior radius R. For any set A ⊂ R N , A c denotes the complement of A. We use C to denote different positive constants independent of functions in W 1,p r (R N ; V ). We recall some radial lemmas built in [13] , where one can refer to the proofs of these lemmas and related comments. 
Lemma 2.2 ([13]). Assume (V) with a > −
N −1 p−1 p. Then there exists C > 0 such that for all u ∈ W 1,p r (R N ; V ), |u(x)| C|x| − p(N −1)+a(p−1) p 2 u W 1,p r (R N ;V ) , |x| 1.
Lemma 2.3 ([13]). Assume (V)
. Then there exists r 0 > 0 and C 0 > 0 such that for all u∈ W 1,p r (R N ; V ) ∩ D 1,p 0 (B r 0 (0)), |u(x)| C 0 |x| − p(N −1)+a 0 (p−1) p 2 u W 1,p r (R N ;V ) , 0 < |x| r 0 .
Lemma 2.4 ([13]
). Let 1 < p < N, 1 q ∞. Then for any 0 < r < R < ∞ with R 1, the following embedding is compact:
Now we give the proofs.
Proof of Theorem 1.2. We will show the continuity of the embedding by proving
Assume that S r (V, Q) = 0.
Then there exists a sequence
We will obtain a contradiction with (2.3) by proving that (2.2) implies that
By (V ) and (Q), there exist constants R 0 > r 0 > 0 such that for some C 0 > 0,
We will separate R N into the following three areas and estimate the integrals:
for R R 0 and r r 0 . It follows from Lemma 2.4 that for any fixed R > r > 0, (2.2) implies that (2.5)
Hence we need to estimate the integrals on 0 < |x| r and |x| R.
WEIGHTED SOBOLEV TYPE EMBEDDINGS 897
We estimate B c
By Lemma 2.1, we have
By Lemma 2.2, we have
.
From (2.6) and (2.7) we see that for any fixed R R 0 , (2.2) implies that
By Lemma 2.1, we have that (2.9)
We choose a cutoff function φ such that φ(x) = 1 for 0 |x| 
We choose a cutoff function φ such that φ(x) = 1 for 0 |x| r 0 2 , and φ(x) = 0 for |x| r 0 . By Lemma 2.2, for 0 < r < r 0 2 , we have (2.11)
. From (2.9), (2.10) and (2.11) we see that for any fixed 0 < r r 0 /2, (2.2) implies that (2.12)
Hence (2.4) holds, which contradicts (2.3). Therefore the embedding is continuous when q * < q < q * or max{q * , q * * } < q.
We further prove that the embedding is compact for q * < q < q * or max{q * , q * * } < q. It suffices to prove that for any
implies that (2.13)
is bounded and the exponents α ∞ i of R in (2.6) and (2.7) are negative and the exponents β 0 i of r in (2.9)-(2.11) are positive, for any > 0, by choosing R large enough and r small enough, we have that (2.14)
Fixing R and r and applying Lemma 2.4 on r |x| R, we see that for n ∈ N large enough, (2.15)
Therefore (2.13) holds and then the embedding is compact. The proof is finished.
We give some comments and comparisons. From the proof of Theorem 1.2, one sees that the continuity of the embedding has not been obtained for q = q * and q = q * when q * , q * ∈ (1, p). This is due to the convergence of integrals over B r and B c R . An interesting problem is whether the embedding will be continuous, even be compact, for q = q * or q = q * . The compact embedding for q = p has been included in Theorem 1.1, and its proof is based on the Hardy inequality (see [13] ). Combining Theorem 1.2 and the embedding results in [13] , we see that in some cases, the embedding W
is compact for all q ∈ (1, ∞). We also note here that although we have required the potential V to be positive on (0, ∞), it is enough for V to be negative somewhere provided R N |∇u| p + V (|x|)|u| p dx is well-defined to be nonnegative, from which a norm on W 1,p r (R N ; V ) can be deduced. In fact, from the Hardy inequality, the condition on V is enough for this aim:
Proof of Theorem 1.3
In this section we give the proof of Theorem 1.3. By the embedding Theorem 1.2, the functional
is well-defined and is of C 1 with derivative given by, for u,
Therefore a weak solution u ∈ W 1,p r (R N ; V ) of (P) is exactly a critical point of Φ.
Set the functional
Then Ψ possesses the (S + ) property on W 1,p r (R N ; V ) (cf. [6, 11] ); that is, for any sequence
r (R N ; V ) strongly. Now we begin to prove Theorem 1.3. By the compactness of the embedding, the minimum
which is positive. After rescaling, we can get one nontrivial weak solution of (P) which is given by u
We prove the existence of one nontrivial solution of (P) in another way by showing that the functional Φ is coercive and bounded from below and then has a global minimum.
We first show that Φ is coercive. Denote by C r the constant of the embedding W
Since q < p, we have
is achieved. Let {u n } be a minimizing sequence of m such that
By the coercivity (3.1), we see that {u n } is bounded. Since W By the compactness of the embedding, we have that
which, combined with the weakly lower semi-continuity of Ψ, we use to see that Φ is weakly lower semi-continuous and then
Therefore Φ(ū) = m and m is achieved. Since Φ is a C 1 functional and has m as a global minimum, we have that Φ (ū) = 0 andū is a weak solution of (P). Now we prove thatū = 0 by showing that m < 0 as
For t > 0, as p > q,
The proof of existence is finished.
To prove the multiplicity in Theorem 1.3, we employ an abstract critical point theorem built in [14] . 
where
It is clear that Φ is even, Φ(0) = 0, and from the above arguments, we see that Φ is bounded from below. We need to verify that Φ satisfies (PS) and (3.3) .
Let {u n } ⊂ W and the fact that all norms on X k are equivalent, we get that for ρ k > 0 small enough, sup
With all conditions of Proposition 3.1 being verified, we get the conclusion that Φ has a sequence of critical values c k < 0 satisfying c k → 0 as k → ∞. The proof is finished.
We finish the paper with some more remarks. First, one can apply the embedding theorem, Theorem 1.2, to consider general cases of (P) by replacing the term |u| We leave the precise statements to interested readers.
